We resum to next-to-leading order (NLO) the distribution in the light-cone momentum p + = E X − | p X | and the spectrum in the electron energy E e in the semileptonic decays B → X u lν, where E X and p X are the total energy and three-momentum of the final hadron state X u respectively. By expanding our formulae, we obtain the coefficients of all the infrared logarithms α
Introduction
The structure of final hadronic states in semileptonic B decays
where X u is any hadronic final state coming from the fragmentation of the up quark and l + ν is a leptonneutrino pair, is usually studied by measuring different spectra, such as the charged-lepton energy distribution, the dilepton invariant mass spectrum, the hadron mass distribution, etc. The computation of these spectra is often rather involved because of the occurrence of different long-distance effects, both perturbative and nonperturbative, such as large logarithms, Fermi motion, hadronization, etc. These effects are often substantial in the end-point regions relevant for the experimental analysis.
Let us summarize in physical terms the main properties of semi-inclusive B decays [1, 2, 3] . We begin by considering the radiative decays B → X s + γ
which have a simpler long-distance structure than the semileptonic decays (1) . That is because, in the radiative case, the tree-level process is the two-body decay
having the large final hadron energy
where in the last member we have neglected the small (compared with the beauty mass m b ) strange mass m s . The final hadronic energy E X fixes the hard scale Q in the decay:
so that Q ∼ = m b . We are interested in the threshold region
which can be considered a kind of "perturbation" of the tree-level process due to soft-gluon effects, where m X is the final hadron mass. The hadron mass m X , which vanishes in lowest order, remains indeed small in higher orders because of the condition (6) , while the large tree-level hadron energy (4) is only mildly increased by soft emissions. The perturbative expansion is therefore controlled by the coupling
where α = α S is the QCD coupling, and it is therefore legitimate.
In semileptonic decays, the tree-level process is instead the three-body decay
and the hadron energy E X (i.e. the energy of the up quark) can become substantially smaller than half of the beauty mass m b /2. In other words, kinematical configurations are possible with
as well as with
4 It is clear that the condition E X ≫ Λ (10) must always be verified in order to deal with a hard process and to be justified in the use of perturbation theory. Since the beauty mass m b is larger than the hadronic scale Λ by an order of magnitude only, it is in practise not easy to satisfy all the conditions above. In any case, the theory is constructed by taking the limit m b → ∞.
Consider for example the kinematical configuration, in the b rest frame, with the electron and the neutrino parallel to each other, for which condition (9) holds true, or the configuration with the leptons back to back, each one with an energy ≈ m b /2, for which condition (11) is instead verified. This fact is the basic additional complication in going from the radiative decays to the semileptonic ones: the hard scale is no more fixed by the heavy flavor mass but it depends on the kinematics according to eq. (5).
Before going on, let us give the definition of a short-distance quantity in perturbation theory. Let us consider a process characterized by a hard scale Q ≫ Λ,
where Λ is the QCD scale, and by the infrared scales
-the soft scale and the collinear scale respectively. If infrared effects are absent in the quantity under consideration, logarithmic terms of the form
(n = 1, 2, · · · ∞, k = 1, 2, · · · 2n) (14) must not appear in its perturbative expansion. The presence of terms of the form (14) would indeed signal significant contributions from small momentum scales. That is because these terms originate from the integration of the infrared-enhanced pieces of the QCD matrix elements from the hard scale down to one of the infrared scales:
If perturbation theory shows a significant contribution from small momentum scales to some cross section or decay width, we believe there is no reason to think that the same should not occur in a non-perturbative computation.
On the contrary, a quantity such as a spectrum or a ratio of spectra is long-distance dominated if it contains infrared logarithmic terms in the perturbative expansion of the form (14) . These terms must be resummed to all orders of perturbation theory in the threshold region (6) . For hadronic masses as small as
the non-perturbative effects related to the soft interations of the b quark in the B meson (the so-called Fermi motion) also come into play and have to be included by means of a structure function 5 . Our criterion to establish whether a quantity is short-distance or it is not is rather "narrow"; we believe that it is a fundamental one and we use it sistematically, i.e. we derive all its consequences. The consequences, as we are going to show, are in some cases not trivial.
Factorization and resummation of threshold logarithms in the radiative case is similar to that of shape variables in e + e − annihilations to hadrons. One can write:
where Γ r is the inclusive radiative width, we have defined
and:
5 The first and the second integral on the l.h.s. of eq. (15) are related to the structure function and to its coefficient function respectively.
• C r (α) is a short-distance, process-dependent coefficient function, independent on the hadron variable t s and having an expansion in powers of α:
The explicit expression of the first-order correction C
r has been given in [1, 4] ;
• Σ(u; α) is the universal QCD form factor for heavy flavor decays and has a double expansion of the form:
where
is the Casimir of the fundamental representation of the group SU (3) and N C = 3 is the number of colors. In higher orders, as it is well known, Σ contains at most two logarithms for each power of α, coming from the overlap of the soft and the collinear region in each emission;
• D r (t s ; α) is a short-distance-dominated, process-dependent remainder function, not containing infrared logarithms and vanishing for t s → 0 as well as for α → 0:
The first-order correction D
(1) r (t s ) has been explicitly given in [1, 4] .
Factorization and resummation of threshold logarithms in the semileptonic case is conveniently made starting with distributions not integrated over E X , i.e. not integrated over the hard scale Q. The most general distribution in process (1) is a triple distribution, which has a resummed expression of the form [1, 2, 3]:
where we have defined the following kinematical variables:
In the last member we have kept the leading term in the threshold region m X ≪ Q only. Q, the hard scale, is given by eq. (5). Γ is the total semileptonic width,
is the tree-level width and m b is the pole mass. Eq. (22) is a "kinematical" generalization of eq. (17) together with the quantities involved, which all have an expansion in powers of α:
• C [x, w; α], a short-distance, process-dependent coefficient function, dependent on the hadron and lepton energies but independent on the hadron variable u. The explicit expressions of the first two orders have been given in [1, 2] ;
• Σ[u; α], the universal QCD form factor for heavy flavor decays, which now is evaluated for a coupling with a general argument Q = w m b ;
• D [x, u, w; α], a short-distance dominated, process-dependent remainder function, depending on all the kinematical variables, not containing infrared logarithms and vanishing for u → 0 as well as for α → 0. The first-order correction has been explicitly given in [2] .
The resummed formula on the r.h.s. of eq. (22) has been derived with general arguments in an effective field theory which hold to any order in α; one basically considers the infinite-mass limit for the beauty quark
while keeping the hadronic energy E X and the hadronic mass m X fixed. The main result is that the hard scale Q enters:
1. the argument of the infrared logarithms factorized in the QCD form factor Σ[u; α],
2. the argument of the running coupling α = α(Q), from which the form factor Σ[u; α(Q)] depends (as well as the coefficient function and the remainder function).
An explicit check of property 1. has been obtained verifying the consistency between the resummed expression on the r.h.s. of eq. (22) expanded up to O(α) and the triple distribution computed to the same order in [5] .
Since the dependence of the coupling on the scale is a second-order effect, point 2. cannot be verified with the above computation. The possibility for instance that the hard scale Q = w m b in (22) is fixed instead by the beauty mass m b ,
cannot be explicitly ruled out by comparing with the O(α) triple distribution, because
A second-order computation of the triple distribution is not available at present and therefore a direct check of 2. is not possible. An indirect check can however be obtained as explained in the following. Any semileptonic spectrum can be obtained from the triple distribution in (22) by phase-space integration. In general, different results are obtained for a spectrum if the coupling is evaluated at the scale (5) or instead for example at the scale (27). It is therefore sufficient to compute a spectrum in a single variable with our resummation scheme and to compare with an explicit second-order calculation. As far as we known, the only available second-order computation is that of the O(α 2 n f ) corrections to the distribution in the light-cone momentum p + [10] . To compute the fermonic corrections, one simply inserts in the gluon lines of the first-order diagrams a fermion bubble, avoiding therefore the computation of the complicated two-loop topologies. It is however not straightforward to extract information about resummation from a fermionic computation, as the latter is not consistent "at face value" with the exponentiation property of the form factors 6 .
In sec. 2 we resum the spectrum in p + in next-to-leading order (N LO), which involves an integration over the hard scale Q. We also give the coefficients of the large logarithms α n log k m b /p + up to third order included. The only coefficient that we are not able to compute is that of the single logarithm in third order, α 3 log m b /p + , for which a three-loop computation is required. These logarithmic terms can be used in phenomenological analyses which do not implement the full resummed formulas or can be compared with fixed-order computations as soon as the latter become available. By comparing the fermionic contributions to the coefficients of the infrared logarithms with the result of the Feynman diagram computation, we obtain an explicit and non-trivial check of our resummation scheme.
In sec. 3 we resum to N LO the charged lepton energy spectrum. Also in this case there is an integration over the hard scale Q and many considerations made for the p + distributions can be repeated for this case as well. The electron spectrum is one of the first quantities studied in semileptonic decays both theoretically and experimentally [14, 15, 16] , because it allows for a determination of the Cabibbo-Kobayashi-Maskawa (CKM ) matrix element |V ub |. To avoid the large backgroud from the decay
it is usually necessary to restrict the analysis to electron energies above the threshold of the previous process -recently somehow below -i.e. to lepton energies in the interval
The actual hadron kinematics is obtained with the replacements m c → m D and m b → m B . That gives a rather tight window in the end-point region,
which is dominated by large logarithms and Fermi-motion effects. We will show however that these longdistance phenomena are expected to have a smaller effect on this distribution than for example on the hadron mass spectrum.
In secs. 2 and 3 we also discuss the validity of the so-called Brodsky-Lepage-Mackenzie (BLM ) scheme [11] for the evaluation of spectra in the threshold region -see also [12] for a discussion on the radiative case (2). In general, this scheme aims at an estimate of the full second-order corrections O(α 2 ) by means of the evaluation of the fermionic corrections, i.e. of the O(α 2 n f ) terms only. The idea is that the fermionic corrections carry with them a factor β 0 , so after the fermionic computation, one makes the replacement:
where 4πβ 0 = (11/3 C A − 4/3 T R n f ) is the first coefficient of the β-function. C A = N C = 3 is the Casimir of the adjoint representation of the color group SU (3) C and T R = 1/2 is the trace normalization of the fundamental generators. The BLM approximation is often a rather good one in estimating total cross section and inclusive decay widths. The total semileptonic decay width for example is known at present to full order
The explicit value of K (1) has been given in eq. (24) and the values ofK (2) and δK (2) can be found in [13] . With the BLM ansatz, K (2) is over-estimated by ≈ 15% with respect to the exact result (with n f = 4), i.e. this approximation works pretty well in this case.
In sec. 4 we study the BLM ansatz for the radiative and semileptonic distributions in the hadron invariant mass and for the semileptonic distribution in the variable u defined above. The conclusion is that The BLM ansatz works in general rather well, typically within an accuracy of 25%.
Finally, in sec. 5 we draw our conclusions and we discuss the forthcoming application of our formalism to phenomenology.
2p + distribution
Recently, the spectrum has been computed in the normalized light-cone momentump + [10] defined aŝ
where in the last member we have kept the leading term in the threshold region u ≪ 1 only. Even though this variable is not special in the present framework, let us discuss its resummation for the reasons discussed in the introduction. For notational simplicity let us make everywhere in this section the replacementp + → p. The derivation is similar to that of the resummed hadron mass distribution made in [3] . The distribution in p is obtained integrating the distribution in the hadronic variables u and w:
For techinical reasons, it is actually more convenient to compute the partially-integrated distribution given by:
dΓ dp ′ dp
Let us replace the resummed expression for the distribution in the hadronic variables u and w [2] on the r.h.s. of eq. (36):
where:
• C H (w; α) is a short-distance coefficient function having the following expansion in powers of α:
Li 2 (w) = ∞ n=1 w n /n 2 is the standard dilogarithm;
• σ [u; α] is the differential QCD form factor:
• d H (u, w; α) is a short-distance remainder function whose expansion starts at O(α) and which has an integrable singularity for u → 0. The first-order correction for example has a logarithmic singularity:
We are interested in the region
The integral of the remainder function on the r.h.s. of eq. (37) vanishes in the limit p → 0, because:
The limit p → 0 can be taken inside the integral because the integrand has, as already said, at most an integrable singularity for u → 0. The first integral on the r.h.s. of eq. (37) can be decomposed as:
(45) The second integral vanishes in the limit p → 0 because it extends to an infinitesimal domain in w. The lowest-order term, obtained replacing for σ[u; α] the last member of eq. (41), identically vanishes.
To summarize, as far as logarithmically enhanced terms and constants terms in the limit p → 0 are concerned, we can make the following approximations:
, whose contribution will be includere later on together with contributions of similar size;
2. approximate the integration domain with a unit square:
3. simplify the kinematical constraint according to the last member in eq. (34), since large logarithms of p can only come from the region u ≪ 1.
We then obtain:
where O(p; α) denote non-logarithmic, small terms to be included later on by matching with the fixed-order distribution. To the same approximation, i.e. up to terms which O(p; α), we can further simplify the distribution by neglecting the first integral and integrating the second integrand down to w = 0:
where α = α(m b ). The neglected term is indeed:
Expanding the form factor in powers of α(m b ), the above expression reduces to a linear combination of integrals of the form
We have therefore shown that the neglected term is O(p; α). 8 It is remarkable that the variable p keeps unitary range after the simultaneous approximations 2. and 3.
By insering the first-order expressions for the coefficient function C H (w; α) and the universal QCD form factor Σ(u; α), we obtain for the event fraction R P (p; α), apart from small terms O(p; α):
is the Casimir of the fundamental representation of the color group SU (3) c and N C = 3 is the number of colors. Let us note that we have a different coefficient for the single logarithm with respect to those ones in the hadron mass distribution in the semileptonic decay (1) or the radiative decay (2).
Minimal scheme
We introduce a resummed form of the event fraction as:
All the functions above have an expansion in powers of α:
Let us begin considering a minimal scheme, where only logarithms in p are included in the effective form factor Σ P . Since we will consider a different scheme later on, let us denote the quantities in the minimal scheme with a bar. The first-order corrections to the form factor and the coefficient function in the minimal scheme read:
Note that the correction to the coefficient function is rather large: for α(m b ) = 0.22 it amounts to ≈ − 30%.
We now expand the resummed result in powers of α and compare with the fixed order result, which is known to full order α [10] :
with R (1)
We obtain for the leading-order remainder function:
SinceΣ
taking p = 1 in eq. (52), we obtain the following relation between the coefficient function and the remainder function in the upper endpoint:C
It is a trivial matter to verify that the above relation holds true for our first-order expressions.
A definition of the minimal scheme which does not make reference to the explicit perturbative expansion of C H and Σ can be given as follows. Neglecting O(p; α) terms, we have that
so that the coefficient function in the minimal scheme can be defined taking p = 1 in the above equation and using eq. (60):C
The effective form factor then reads:
Let us comment upon the above result:
• The universal form factor Σ(u; α) is evaluated for an unphysical arguement u > 1 in eq. (64), but this does not cause any problem because the perturbative form factor is an analytic function of u which can be continued in principle to any (complex) value of u;
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• The effective form factorΣ P (p; α) defined in eq. (64) has a similar form to the effective form factor for the t distributionΣ T (t; α) considered in [3] , where t = m 2 X /m 2 b : the only differences are that in the numerator of the definition ofΣ T , t/w 2 is replaced by p/w and in the denominator 1/w 2 is replaced by 1/w. The same considerations made for the t-distribution therefore can be repeated for the p-distribution. There are long-distance effects which cannot be extracted from the radiative decay (2), related to the integration over the hadron energy w in the parametric region
The effects of this region are however suppressed by the coefficient function:
10 the form factor Σ(u; α) has been given to N N LO in eq.(125) of [2] , where it is written as a function of
For u > 1 we have that τ < 0, but that does not produce any singularity in Σ(u; α).
Higher orders
Let us now discuss the higher orders. In order to remove the exponential (trivial) iterations, let us define the exponent of the effective form factor by means of the relation:
withḠ
where we have defined:
We find: 
The G ij 's are the coefficients of the threshold logarithms in the exponent of the form factor G for the radiative decay (2). They have been explicitly given, together with all the constants A i , B i , D i and β i entering the above equations, in [2] 11 . z(s) = Replacing explicit values for the coefficientsḠ P ij = G ij , we obtain: 
Let us make a few remarks:
• As in the case of the distributions in the variables u and t studied in [3] , the leading logarithms α n L n+1 have the same coefficients as in the hadron mass spectrum in the radiative decay (2): differences only occur in N LO and beyond;
• The differences between the coefficients G P ij and the coefficients G ij of the radiative spectrum are much smaller than for the u or the t distribution resummed in [3] . That is an indication that the long-distance effects in the p distribution and in the radiative decay (2) are not very different [10] .
Check of Resummation Formula
In this section we check our results for the resummed p spectrum against an explicit computation of the fermionic corrections, i.e. of the O(α 2 n f ) contributions [10] . The computation with Feynman diagrams of the O(α 2 n f ) terms involves:
1. neglecting double emissions off the primary charges, which would give contributions proportional to α 2 without any n f factor. The expansion up to O(α 2 ) of the r.h.s. of eq. (68) can be made by expanding it in powers ofḠ P ,Σ
and keeping terms up to second order in α inḠ P and up to first order inḠ 2 P . There is not any multiple emission left in the fermonic computation, because one neglects the termsḠ
That means that relation (68) is truncated to its (trivial) first order:
2. taking into account the secondary branching of a gluon into a (real or virtual) quark-antiquark pair,
while neglecting the (non-abelian) gluon splitting,
Only a single secondary branching of abelian kind (86) is therefore allowed.
According to eq. (85), the best interpretation of a fermionic computation is that of relating this result directly to G P and not to Σ P .
Because of 2., a non-trivial strucure of G emerges:
An O(α 2 n f ) computation therefore does not provide any check of the exponentiation property, but it gives some information about the structure of G. The exponentiation property of form factors has already been checked with many second-order and third-order computations and it is not our concern. We are only interested in the structure of G which is, as we have already said, sensitive to the specific integration over the hard scale.
Our second-order coefficientsḠ P 2i have a contribution proportional to n f which is in agreement with the explicit computation:
(89)
where the numerical values of C F = 4/3 and C A = 3 have been replaced. If we assume instead that the hard scale Q in the coupling α = α(Q) entering the resummed formula (22) is equal to the heavy flavor mass m b and not to (two-times) the hadron energy 2E X , we obtain different fermionic contributions toḠ P 22 andḠ P 21 which are in disagreemnt with the fixed-order computation:
This provides us with an explicit check of the resummation formula for the triple-differential distribution at the two-loop level. Let us remark that this check is not related to the study of the BLM scheme: we just compared the coefficients of two independent O(α 2 n f ) computations and we never made the BLM ansatz. Our aim indeed was simply that of studying the effects of eq. (5) in a partial contribution, not that of estimating full second-order corrections.
The BLM scheme for the form factor
In this section we compare our exact results for the resummed spectrum in p with those ones coming from the BLM ansatz. Let us make a comparison of the coefficients G P 2i in QCD in the minimal scheme defined above with the BLM onesĜ P 2i starting from the leading terms :
is in complete agreement with the BLM estimate:
The approximation turns out to be exact because the QCD coefficient is proportional, as it is well known [20] , to the first coefficient of the β-function β 0 ; 2. α 2 L 2 p ; the QCD coefficient is
to be compared to the BLM estimate:
The BLM ansatz over-estimates the non-abelian contribution by ≈ 15%, i.e. it works rather well;
3. α 2 L p ; in QCD we have the value:
to be compared to the BLM estimatê
The BLM ansatz works with an accuracy better than 10%. Let us note also that the BLM cannot reproduce the terms proportional to the trascendental constant z(3) defined in the previous section.
We conclude that the BLM scheme works rather well for the p spectrum.
Non minimal scheme
In this section we consider a non-minimal factorization scheme which has various advantages. The event fraction has a resummed form equal to the one in the minimal scheme,
with different expressions for the coefficient function, the form factor and the remainder function. As in the minimal scheme, all these function have a perturbative expansion in α:
The coefficient function is defined, to all orders, as:
and the expression for the effective form factor is:
Σ [u; α] is the extended form factor defined in [3] , equal to the standard one Σ [u; α] for argument less than one, u < 1, and equal to one for a larger argument, u ≥ 1. Explicitly (cfr. eq. (47)) 12 :
This effective form factor is normalized, to all orders, as in the minimal scheme:
By inserting the expansion for C H (w; α) and forΣ(u; α) and integrating over the hadronic energy w, we obtain for the first-order terms:
and Σ
(1)
The coefficient function has a smaller value in this scheme than in the minimal one and the effective form factor contains not only a constant term for p → 0 but also infinitesimal terms in the same limit. Matching with the fixed-order distribution as we have done in the minimal case, we obtain for the remainder function:
Let us note that, with our scheme choices,
to all orders in α, where C T (α) and C U (α) are the coefficient functions for the distributions in the variables u and t computed in [3] .
The exponent of the effective form factor in this non-minimal scheme G P contains, in the limit p → 0, also constants terms (Ḡ P ij = G P ij for j ≥ 1):
Explicitly:
As in the case of the t distribution considered in [3] , the coefficients functions are related in the two schemes by the following relations:
P −C
The first of the above equations is easily verified by inserting our first-order expressions.
Electron spectrum
In our framework, the electron spectrum is obtained by integrating the distribution in the hadron and electron energies w and x ≡ 1 − x, resummed to NLO in [2] , over the hadron energy:
In the previous case, in order to avoid generalized functions entering the differential form factor σ[u; α], we have considered the partially integrated distribution or event fraction. That in not necessary in this case because the differential electron spectrum, as we are going to show, already contains the partially integrated form factor Σ[u; α]. Inserting the resummed expression for the double distribution, we obtain:
We are interested in the regionx
which selects hadron final states with a small invariant mass and produces large logarithms in the perturbative expansion. The integral of the first remainder function d < (x, w; α) vanishes in the limitx → 0:
because:
The integral of the second remainder function d > (x, w; α) also vanishes in the same limit:
because the integral extends to an infinitesimal region and the integrand vanishes for w → 1 + :
Finally, the integral involving Σ[w − 1; α] also vanishes because, after expanding the form factor in powers of α, it produces terms of the form:
because the logarithm function to any positive power k ≥ 0, log k (u), has an integrable singularity in u = 0. We may write therefore:
where by O(x; α) we denote terms which vanish forx → 0 as well as for α → 0 (the neglected terms also vanish for α → 0). Let us conclude that, as long as logarithmically enhanced terms forx → 0 and constants are concerned, the integration can be made in the leading region
which coincides with the phase-space domain at the tree level.
Minimal scheme
For clarity's sake let us consider at first a minimal factorization scheme. Since we are in region (120), we can take the limitx → 0 in the r.h.s. of eq. (126) anytime we do not encounter singularities:
where we have divided by a factor two in order to simplify the forthcoming formulas. Let us note that, since we have taken the limitx → 0 in the coefficient function C L (x, w; α) which also has an O(α 0 ) contribution and we have integated down to w = 0, we have modified the integral above by terms O(x) not multiplied by α: we will take care of them in a moment. Replacing the first-order expressions for the coefficient function [3] ,
and the QCD form factor given in eq. (20), we obtain:
In order to avoid a remainder function O(α 0 ), let us introduce an over-all factor equal to the lowest-order spectrum, so that the resummed form for the electron spectrum reads:
We require that the remainder function vanishes forx → 0:
The coefficient function,C X (α) = 1 + αC
has the leading correction:C
Let us note that this correction is very large as it amounts to ≈ −35% for α(m b ) = 0.22. The effective electron form factor,Σ X (x; α) = 1 + αΣ
has a first-order expression:Σ
Let us now compute the remainder function, which is necessary to describe also the regionx ∼ O(1) and to have a uniform approximation in the wholex domain. The remainder function has, as usual, an expansion of the form:d
We match with the fixed-order spectrum,
whose first order correction is well known [21, 5] :
The leading-order remainder function reads:
It vanishes, as requested, forx → 0 and, despite appearances, it has not any 1/(1 −x) singularity.
The coefficient function can be defined to all orders as:
and the effective form factor as:
The latter is normalized to all orders as:Σ
The effective form factor (142) factorizes the long-distance effects related to the threshold region, a part of which cannot be extracted from the radiative decay (2) . An integration over the hard scale Q = w m b is indeed involved inΣ X while, in the radiative decay, kinematics fixes w = 1 and there is no such integration. The relevant integration region is, parametrically:x
where the large logarithms | log(x/w)| ≫ 1 are multiplied by a coupling α(w m b ) ≫ α(m b ). As in the case of the p + distribution, the effects of this region are however suppressed by the coefficient function:
Higher orders
Let us write as usualΣ
where the exponent of the form factor has the perturbative expansion:
with
By inserting the truncated expansions for the coefficient function C L and the form factor Σ in eq. (142), expanding the product, integrating term by term and taking the logarithm, we obtain:
Explicitly, one has for the coefficientsḠ Xij = G ij :
Ḡ X22 = One immediately obtains for the first-order correction:
The correction to the coefficient function is -as in all the cases we have considered -negative. For α(m b ) = 0.22 the correction is ≈ −16.5%, i.e. it is basically half of that in the minimal scheme.
The effective electron form factor can be defined as:
where α = α(m b ). In order to simplify the definition as much as possible, we have integrated down to w = 0, replacing the form factor Σ[u; α] with its extensionΣ[u; α]. The normalization is the same as in the minimal scheme:
The perturbative expansion of the form factor is:
By replacing the explicit expressions for the coefficient function C L and the form factor Σ, expanding in α and performing the integration, we obtain:
In general, the form factor contains constant terms forx → 0 as well as vanishing terms in the same limit. The former modify the coefficient function while the latter modify the remainder function with respect to the values in the minimal scheme.
The remainder function reads in this scheme:
This remainder function also vanishes forx → 0 and differs from the one in the minimal scheme only for the subtraction of the infinitesimal terms in (172).
The coefficients of the infrared logarithms G Xij in the exponent of the form factor G X are the same as those in the minimal scheme computed in the previous section:
In the limitx → 0 (i.e. neglecting O(x) terms), G X also contains the constant terms:
energy and three-momentum of the final hadron state X u . These spectra have a different threshold structure with respect to the hadron energy distribution in (1) or the photon spectrum in (2), because they involve integration over E X , i.e. over the hard scale Q = 2E X of the hadronic subprocess in (1). We have also presented a qualitative discussion of specific aspects of the long-distance effects in the electron energy spectrum: they should be suppressed with respect to the distribution in the hadron mass m X or in p + because of a smearing effect of the Born three-body kinematics.
We have explicitly checked our resummation formula for the p + form factor by expanding it to O(α 2 ), picking up the n f contributions and comparing them with the O(α 2 n f ) corrections computed with Feynman diagrams. This is a highly non-trivial check at the two-loop level of the resummation formula for the triple differential distribution and makes us more confident of our formalism.
We have also discussed the validity of the so-called Brodsky-Lepage-Mackanzie (BLM ) scheme for the estimate of the second-order corrections to the form factors for various spectra. The conclusions are that this scheme offers in general a rather good approximation: it exactly reproduces the coefficients of the α 2 log 3 terms and gives good numerical estimates of the α 2 log 2 and α 2 log coefficients. In cases in which the QCD coefficients are anomaously small because of some accidental cancellation, the BLM scheme is not accurate, as in these cases the n f -dependent and the n f -independent contributions presumably cancel to a different degree. It would be interesting to extend the BLM analysis to the third-order coefficients which have been computed by us for all the distributions treated. Let us remark that the exponentiation property does not follow from the BLM ansata and it has to be imposed externally.
By expanding the resummed formulas up to O(α 3 ), we have computed the coefficientsḠ P ij andḠ Xij of the infrared logarithms log m b /p + and log 1/x in the exponent of the effective form factors G P and G X respectively. These coefficients constitute a true prediciton of our resummation schme and can be checked with second and third order computations as soon as they become available. These coefficients can also be used in phenomenological studies which do not implement the full resummed formulas. For both distributions we have defined (standard) minimal factorization schemes and also non-minimal schemes which can be easily implemented in phenomenological analyses. As in our previous work [3] , we find that the perturbative expansion seems to have better convergence properties in the modified schemes than in the minimal one.
Analytic expressions for double distributions or for single distributions with some kinematical cut can be obtained in similar way as we have made. This work completes however our study of the general factorizationresummation properties of semileptonic decay spectra [1, 2, 3] : for each distribution considered we have computed the coefficient function and the remainder function in NLO and the (effective) form factor in NNLO. The next step is a phenomenological analysis of the experimental data on semileptonic and radiative decays by using a model for the QCD form factor such as that formulated in [23] , combined eventually with non-perturbative components not calculable in perturbatve QCD.
Note added
A few days after the first version of this paper was put on the archive, another work on resummation in semileptonic decays has also appeared [24] . In this paper, expressions of the second-order coefficients of the p + form factor are derived, which are in complete agreement with ours.
